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Abstract. Let Difr°°(§^) denote the Frechet Lie group of all orienta- 
tion preserving smooth diffeomorphisms of the circle. In this paper we 
• study the geodesic flow on Diff°°(S^) with respect to the right-invariant 

\ metric induced by the fractional Sobolev norm H" for s > 1/2. We show 

^SJ ■ that the corresponding initial value problem possesses a maximal solu- 

tion in the smooth category and that the Riemannian exponential map- 
^ , ping is a smooth diffeomorphism from a neighbourhood of in C°°(§^) 

■ onto a neighbourhood of the identity in Diff°°(§^). 
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1. Introduction 



It is a fundamental observation due to Arnold [2] that the hydrodynamics 
of an ideal fluid on a compact Riemannian manifold M can be recast as the 
geodesic flow on the Lie group of volume preserving smooth diffeomorphisms 
of M. In this general picture there is a great latitude in the choice of an 
inertia operator which generates a weak right-invariant Riemannian metric 
on the Lie diffeomorphism group of M . 

In the classical papers [2, 11] L^-metrics have been used. This deter- 
mination particularly allows to treat Euler's equation of hydrodynamics as 
geodesic flows. In the sequel several other equations of physical relevance 
have been found to arise in this manner [7, 17, 19, 21, 26, 27, 13]. Among 
these studies Sobolev metrics on the tangent bundle of type with A; G N 
and A; > 1 have been investigated in [7, 19, 21, 27]. In [13] an inertia operator 
on the diffeomorphism group of the circle of the form HD, where H denotes 
the Hilbert transform and D the spatial derivative, has been considered. 

It is the aim of this paper both to unify and to sharpen earlier results for 
differential operators as inertia operators on the diffeomorphism group of 
the circle. The essence of the method is to use a Lagrangian formalism for 
the geodesic flow that leads to evolution equations on the tangent bundle 
with a smooth propagator which is in addition bounded in the Sobolev norm 
H'i on bounded subsets of H'^ for large q. 

Our main result concerns the smoothness of the conjugation of Fourier 
multiplication operators with right translations in suitable Banach mani- 
fold approximation of Diff°°(S^), the group of all smooth and orientation 
preserving diffeomorphisms on the circle. More precisely, let (7 € M with 
q > 3/2 be given and let denote the set of all orientation preserving 

homeomorphisms if of the circle §^ such that both <p and (p~^ belong to 
H'^{§^). Then V^iS^) is a Banach manifold and a topological group but it 
is not a Lie group. Indeed, on P''(§^), right translation : ^ ip o tp is 
linear, continuous and hence smooth (for fixed (p); whereas left translation 
L^p : if) ^ if o ip \s only continuous but not in general not differentiable (see 
[11, 16]). From an analytic point of view, Diff°°(S^) may be viewed as an 
inverse limit of Banach manifolds 



Let P denotes a general Fourier multiplier of order r > 1. It extends to 
a bounded operator from Hi{S^) to ^"-'"(§1) for q>l. Given 93 G p9(si)^ 
we consider conjugation 



of P with right translations R^{v) := v o if for V e H'^{^^). Notice that the 
map 




The scales of space {P'^(S^)} 
tion of Diff°°(Si). 



g>3/2 



is called a Banach manifold approxima- 



(99, u) ^ P^{v), 



Diff°°(§^) X C°°(§^) ^ C°°(§^) 
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is smooth. However, it is not at all obvious that the extension to Sobolev 
spaces remains smooth. 

Problem. Under which conditions on P is the mapping 
smooth ? 

It is a well-known fact that when P is a differential operator, P,p{v) is a 
rational expression of <px and their derivatives (see [11, 12] for instance). 
In that case, {^,v) i-t- Pip{v) is smooth for q large enough. However for a 
general Fourier multiplier we are not aware of any results in this direction. 
In our main theorem below, we give a condition on the symbol of P which 
ensures that this map is smooth. This answers a question raised in [11, 
Appendix A], at least in the case of the diffeomorphisms group of the circle. 
Up to the authors knowledge, these results are new. 

Theorem 1. Let P = op {p(k)) be a Fourier multiplier of order r > 1. 
Suppose that its symbol p extends to M and that for each n > 1, the function 

is of class C"~^, that /("~^) is absolutely continuous^ and that there exists 
Cn > such that 

(1) |/("He)| <c„(l + ^')(^-^)/^ 

almost everywhere. Then the map 

{if, v) ^ P^{v), P«(Si) X H'^iS^) ^ H'i-'{S^) 
is smooth for each g G (| + r, oo) U {1 + r}. 

This condition is satisfied by the inertia operator A^* of the Sobolev metric 
on Diff°°(Si) for s G M and s > 1/2. 

Corollary 2. Lei s G M and A^'* := op ((l + n^)'') . If s > 1/2 then the 
mapping 

[if, v) ^ {R^ o A^' oR^-i) (v) , )xH^S^)^ H"-^' (§1 ) 

is smooth for any g G (| + 2s, oo) U {1 + 2s}. 

This allows us to prove that the corresponding weak Riemannian metric 
and its geodesic spray are smooth on each Banach manifold approximation 
P^(S^) for sufficiently large g G M. As a corollary and using an argument 
introduced by Ebin-Marsden in [11], we are able to prove local existence of 
geodesies on Diff°°(S^). We shall prove the following well-posedness result: 



-'^A real function / is said to be absolutely continuous on R if / has a derivative almost 
everywhere, the derivative is locally Lebesgue integrable and 

/(&)=/(«)+ r f'{T)dT, 

J a 

for all a,6 € M. 
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Theorem 3. Let s > 1/2 be given and consider the right-invariant Sobolev 
H'^ -metric on Diff°°(§^). Then the corresponding geodesic equation has for 
any initial data in the tangent bundle TDiS°° (S^) a unique non- extendable 
smooth solution {(p,v) € C°°( J, TDiff°°(§^)). The maximal interval of ex- 
istence J is open and contains 0. Moreover, if J = (t~,t^) and either 
t~ > — oo or t~^ < oo then (9?, f ) blows up in H^~^'^^(S^), i.e. 

It is known that for weak Riemannian metrics the exponential mapping 
fails in general to be a local diffeomorphism, cf. [7]. We clarify the picture 
to some extend by proving the following result. 

Theorem 4. The exponential mapping eyp at the unit element id for the H'^- 
metric on Diff°°(§"^) is a smooth local diffeomorphism from a neighbourhood 
of zero in Vect(S^) to a neighbourhood of id on Diff°°(S^) for each s > 1/2. 

Finally in applications, it is of some interest to study geodesic flows not 
only on the full group of diffeomorphism but to allow a normalization of 
solutions by fixing their value at one point. In our setting this means 
to consider the operator A^* of the homogeneous Sobolev metric on 
Diff°°(Si)/Rot(Si). 

Corollary 5. Let s G R and A^* :=op(|n|^*). If s > 1/2 then the mapping 
v) ^ (i?^ o A^^ o {v), P«(§i) X i7'?(Si) ^ H^~^'{S^) 

is smooth for any g G (| + 2s, 00) U {1 + 2s}. 

The plan of the paper is as follows. In Section 2 we recall some well-known 
facts on the geometry of the Euler equations. Some basic material related 
to weak Riemannian metrics on the diffeomorphisms group of the circle is 
collected in Section 3. In Section 4 we provide the proofs of our main results: 
Theorem 1, Corollary 2 and Corollary 5. Section 5 is devoted to the study 
of the smoothness of the metric and the geodesic spray on the extended 
Banach manifolds V^{S^). In Section 6 we prove local existence and unique- 
ness of the initial value problem for the geodesies of the right-invariant H'^ 
metric on Diff°°(S^) and discuss the blow-up problem, while in Section 7 we 
deal with the Riemannian exponential mapping and discuss the problem of 
geodesic distance. In Section 8 we extend our study to the homogeneous 
space Diff°°(§^)/Rot(§^) and prove local existence result for the homoge- 
neous metric i?*. Technical lemmas on Fourier multiplier and continuity 
lemmas are collected in Appendix A and Appendix B, respectively. 

2. Geometric context 

2.1. Euler equation on a Lie group. A right-invariant Riemannian met- 
ric on a Lie group G is defined by its value at the unit element, that is by 
an inner product on the Lie algebra g of the group. If this inner product 
is represented by an invertible operator A : q q*, for historical reasons, 
going back to the work of Euler on the motion of the rigid body, this inner 
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product is called the inertia operator. The Levi-Civita connection of such a 
Riemannian metric is itself right-invariant and given by 

(2) y^Av = l[Cu,^v]+B{Cu,Cv), 

where is the right-invariant vector field on G generated hy v € q and B 
is the right-invariant tensor field on G, generated by the bilinear operator 

(3) Biu,v) = ^ 

where v, w (z Q and ad^ is the adjoint (relatively to the inertia operator A) 
of the natural action of the Lie algebra on itself given by 

ad^ : w i-> , tf^]. 

Remark 6. Notice that 

ad J = ad* A 
where ad* is the coadjoint action of g on itself, defined by 

(ad* m, w) := — (m, ad^ w) 

for m £ Q* and v, w G g. 

Given a smooth path g{t) in G, we define its Eulerian velocity, which lies 
in the Lie algebra g, by 

u{t) = Rg~i(^t)9{t) 

where Rg stands for the right translation^ in G. It can then be shown, see 
e.g. [12] that g{t) is a geodesic if and only if its Eulerian velocity u satisfies 
the first order equation 

(4) ut = -B{u,u). 

This equation for the velocities is known as the Euler equation. 

2.2. Euler equation on a homogeneous space. The theory of Euler 
equations on a homogeneous space G/K has been developed in [20]. Con- 
sider a non-negative degenerate inner product (•, •) on g and let 

^ : g ^ g* 

be the corresponding inertia operator. Suppose moreover that ker A = 
where I is the Lie algebra of K, and that the duality pairing is Adi^-invariant, 
that is 

(5) (Adfc u, Adfe v) = {u,v), 

for aW. k G K and u € g. Then A induces a right G-invariant Riemannian 
metric on the space G/K of right cosets {Kg, g £ G). 

Remark 7. If the subgroup K is connected, which we suppose below, the 
condition (5) is equivalent to the following 

(6) {adu,u,v) = —{u,adwv), 
for all w t and all u,v (z Q. 

^We use the same notation for this diffeomorphism as well as for its tangent map. 



ad„ V + ad„ u 
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In that case, an "Euler equation" describing the geodesic flow on the ho- 
mogeneous space G/K, can be defined as a special case of the Hamiltonian 
reduction with respect to the subgroup K action (see [20]). But, unfortu- 
nately, there is no useful contravariant formulation of this equation similar 
to the "genuine Euler equation on a Lie group" (4). Indeed, in this case, 
the Eulerian velocity is only defined up to a path in K (see [29] for a recent 
survey on the subject). 

These difficulties clear away if the coset manifold G/K possesses an ad- 
ditional structure in the following sense. Assume that there is a closed 
subgroup H oi G such that the restriction to H of the canonical projection 
G — > G/K is a diffeomorphism. Then we may identify the Lie group H, en- 
dowed with the right-invariant metric with the Riemannian coset manifold 
G/K. If such a subgroup H exists, the study of a degenerate, Adi^-invariant 
inner product on g with kernel t reduces to the study of an Euler equation 
on the Lie algebra f) of H. 

Remark 8. Notice that the restriction of the projection H G/K is a group 
morphism if and only if ii' is a normal subgroup of G. 

Proposition 9. Suppose that H and K are closed subgroups of G such that 
the canonical projection H — > G/K is a diffeomorphism. Let q, [}, and t 
denote the Lie algebras of G, H , and K , respectively. Assume further that 
A : Q ^ Qg* satisfies the following hypotheses: 

(i) ker A = t, 

(ii) ad^ oA = Ao ad^, for all w £ t. 

Then, A induces a right-invariant, Riemannian metric on the homogeneous 
space G/K, identified with H. Moreover, the bilinear operator 



is well-defined on q x q. Its restriction to t) x f) induces the Riemannian 
connection of the metric on H . The corresponding Euler equation on \] is 
given by 



so that the restriction of the associated inner product on [) induces a Rie- 
mannian structure on H. 

Now condition (ii) (and the symmetry of A) leads to 




adj; A{v) + ad* A{u) 



(7) 



ut = —B{u, u) 



A-^ adl A{u) . 



Proof of Proposition 9. In the situation described, we have 

and \]* can be identified with 

= {m e g*; (m, w) = 0, V-u; S ^} . 
The inertia operator induces an isomorphism 




(ad* A{u),w) 



ad; A{v) + ad^ A{u) G T = Im A, 



RIGHT-INVARIANT SOBOLEV METRICS H" 



7 



and the bilinear operator B is well defined. It can be checked directly that 
the corresponding right-invariant symmetric linear connection defined by B 
is compatible with the metric on H. This achieves the proof. □ 

3. Right-invariant metrics on Diff°°(S-'^) 

Let Diff°°(S^) denote the group of all smooth and orientation preserving 
diffeomorphisms on the circle. This group is naturally equipped with a 
Frechet manifold structure. More precisely, we can cover Diff°°(S"'^) with 
charts taking values in the Frechet vector space C°°(§i) and in such a way 
that the change of charts are smooth maps (see [7] or [11] for more details). 
Since the composition and the inverse are smooth maps for this structure 
we say that DifF°°(§"^) is a Frechet-Lie group, cf. [16]. Its Lie algebra 
ridDiff°°(Si) = Vect(Si) is isomorphic to C°°{S^) with the Lie bracket given 

by 

[U,V] = UxV - UVx- 

Notice that Diff°°(S^) (like any Lie group) is parallelizable 
rDiff°°(Si) ~ Diff°°(S^) X C°°(S^). 

3.1. Weak Riemannian metrics on Diff°°(S^). To define a ri^'/it-mi'anant 
metric on Diff°°(S^), we introduce an inner product on the Lie algebra 
Vect(§^) = C°°(S^). In the present paper, we assume that this inner product 
is given by 

(n, v) = {Au)v dx, 

where A : C°°{§^) — )• C°°(§^) is an invertible Fourier multiplier (see Appen- 
dix A for precise definitions). By translating the above inner product, we 
obtain an inner product on each tangent space r^Diff°°(S^) 

(8) {v,Ov = {^°^'''^^^°^^'^)id= r]{\0^xdx, 

where t?,^ € r^Diff°°(S^) and A^ = o A o R^-i. This family of pre- 
Hilbertian structures, indexed by € Diff°°(S^), is smooth because compo- 
sition and inversion are smooth on the Frechet Lie group Diff°°(S^). This 
way we obtain a right-invariant, weak Riemannian metric on Diff°°(S^). 

In contrast to finite dimensional Riemannian geometry the topology of 
the fibre of the tangent bundle is of fundamental importance in the case of 
infinite dimensional manifolds. It is clear that in the smooth category the 
pre-Hilbertian structure defined by (8) will not induce the Frechet topology 
of the tangent space C°°(S^). This is why it is called weak, because the cor- 
responding topology induced on each tangent space of the Frechet manifold 
Diff°°(S^) is weaker than the usual Frechet topology. 

The very same is still true if we complete the tangent space with respect to 
a Sobolev norm. Worse, the weak Riemannian metric on Diff°°(S^) defined 
by (8), extends (a priori) only to a continuous family of pre-Hilbertian 
structures on the bundle TV'i{^^), provided A is a Fourier multiplier of 
order r > 1 and q > r. 
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On a Frechet manifold, only covariant derivatives along curves are mean- 
ingful and in general, the existence of a symmetric, linear connection, com- 
patible with a weak Riemannian metric, that is 

d ,^ . , , , Drj. 

is far from being granted. Nevertheless, in the situation we consider, the 
map ad^ is well defined and given by 



a(l^v = A ^(2{Av)ux + {Av)xU 



(9) -^=[^,wt + -[u,w]+B{u,w) 



for n, f E C°°(S"'^). Hence, one can define 

B{u, v) = ^^""^ 2{Av)ux + {Av)xU + 2{Au)vx + {Au)xV 
and check that the expression 

_ ( 

where 

^{t) = {tp{t),wit)) G rDiff°°(§i) ~ Diff°°(S^) X C~(S^) 

is a vector field defined along the curve if{t) € Diff°°(S-'^) and u = (pt o Lp~^ , 
defines a right-invariant, symmetric linear connection on Diff°°(S^) which is 
compatible with the metric induced by A. 

The corresponding Euler equation on Diff°°(S^) is given by 

(10) ut = -A-^ {{Au)xu + 2{Au)ux} . 

3.2. The geodesic spray. Note that the right hand side of (10) is bilinear 
in u and of order 1 in the sense that if n € H'^{E>^) U C'^(S^) then 

A-^{{Aux)u} € //^-i(S^) U C^-^S^)- 

Hence the Euler equation (10) cannot be realized as a dynamical system 
on any of the Banach spaces H'^{§^). Of course it can be realized as an 
ordinary differential equation on Diff°°(S^), but it is not for free to change 
from Banach spaces to Frechet spaces, bearing in mind that there is no good 
practical direct theory for ordinary differential equation on Frechet spaces. 
This is why we would wish to work on the Banach approximations spaces 
ViiS^), rather than on Difr~(§i). It is however quite surprising that in 
Lagrangian coordinates the propagator of evolution equation of the geodesic 
flow possesses better mapping properties, provided that 

(1) A and D commute, i.e. ^ is a Fourier multiplier, cf. Lemma 23 in 
the Appendix A, 

(2) the order of A is not less than 1. 

In fact, assume that u{t) is a solution to (10) on some time interval J and 
let Lp{t) the flow associated with u{t), i.e. (p solves 

ipt{t) = {uoip){t) =u{t,ip{t)), t£j. 

Letting now v := uo ip, we clearly have 

ift = V, Vt = [ut + UUx) o ip. 
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But by assumption u solves the Euler equation (10). Therefore we find 

vt = —A~^ {u{Au)x + 2{Au)ux — A{uux)} o ip 

= A~^ {[A, u]ux - 2{Au)ux} o if, 

where we used that AD = DA to obtain the second identity. Introducing 
now the operator 

(11) S{u):=A~^{[A,u]ux-2{Au)ux}, 

and recalling that u = v o ip~^ = R^-iv, we recognize that v solves 

Vt = {Rip o S o R^-i) (v). 
The second order vector field, defined in a local chart by 

(12) (93, v) ^ {if, V, V, S^{v) := {R^o S o R^-i) (v)) 

is called the geodesic spray, cf. [22]. Conversely, assume that {<p,v) solves 

( ^t = v, 

13 ^ . . 

on some time interval J. Then it is not difficult to verify that u := v o ip~^ 
is a solution on J to the Euler equation (10). 

Let us now have a closer inspection of S{u), the spray at = id. Since 
we presupposed that A be of order r > 1, the second term A~^ {{Au)ux} 
of the spray is bounded in H'^{S^) on bounded subsets of H'^{§>^), provided 
q > (1/2) + r, cf. Lemma 14. 

Although the first term ^^""^[74, nJ-Ux of the spray is formally still of order 
1, we may hope for some smoothing coming from the commutator 
The case when ^ is a differential operator justifies this hope. Actually, this 
turns out to be true not only for differential operators^ but even for general 
Fourier multipliers, cf. again Lemma 14. 

Summarizing, in Lagrangian coordinates the geodesic flow with respect to 
an inertia operator which is Fourier multiplier of order not less than 1 can be 
realized as an ordinary differential equation on TDiff °° (S^ ) and it propagator 
is smooth and bounded in H'^{S^) on bounded subsets of i?'^(S^), provided 
q is large enough. 

4. Proof of the main results 

Before entering the details of the proof of Theorem 1, let us recall some 
basic definitions and notations. Given two Banach spaces E and F and a 
m-linear mapping U from the m-fold Cartesian product of E into F. 
The mapping U is bounded iff there is a constant c > such that 

||C/(ei,e2, . . . ,em)||ir < C ||ei||^ ||e2||£; • • • Hcmll^;- 

Moreover, the space 

£™ (^, F):={U : ^ F ; [/ is m - Hnear and bounded} , 



The special case where A is a differential operator with constant coefficients has been 
extensively studied in [6, 7, 12]. 
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endowed with the operator norm 

11^711^™ := sup{||C/(ei, . ..,em)\\F ; G E, \\ej\\ < 1, j G {1, . . • ,m}} 

is a Banach space."' 

According to Lemma 26, the n-th Gateaux (/j-partial derivative of the map 
^ P^{v) on Diff°°(Si) x C°°(Si) is given by 

where Ui = 6ipi o ip~^ (1 < i < n) and Pn is n-multihnear. We wih write 

Pn,Lp • — RipRnR^p 1 

which is a (n+l)-multihnear operator form C°°(S^) to C°°(S^). Our first task 
will be to show that if each P„ extends to a bounded multilinear operator 
from H'^(S^) to H'^~^{S^) , then the mapping 

is smooth. 

Lemma 10. Let P be a Fourier multiplier of order r > 1 and assume that 
G (| + r, oo) U {1 + r}. Suppose further that 

(14) Rn G £"+i(/7'^(Si), H^-'-iS^)), Rn+i G {^'^) , {^^)) 
for some n G N, where the operators Pn are defined in Lemma 26. Then 

Pn,^ G C''+\H'ii8^), H'^~'\S')) for any ip G ^"(§1), 
and the mapping 

is locally Lipschitz continuous. 

Rroof. (a) Let ip G P''(S-^) be given and choose vo,...,Vn G H'^{§^) with 
||^^j||//9 ^ 1- By Lemma 34 there exist increasing continuous functions Ci 
and C2 such that 

(15) \\R^\\c{H1-^) - C'l(||V?|liy9-r), < ^2(11'/'""^ II j:^ J- 

With this notation and (14) we find that 

\\Rn,ipivi, ■ ■ ■ ,Vn)vo\\Hq-r = \\R,p (P„ (iJ^^-i , . . . , R^^iVn)R^-iVo)\\ 

^ C'i(||(/3||j^5-r) \\Pn\\c"+i(^Hi,Hi-^) ^2(11'/' II _f/q 

This shows that 

Rn,^eC''^HHHS'),Hi~^{S')). 

(b) Pick now po, pi G Diff°°(S^) and set ip{t) := (1 — t)ipQ + tipi for 
t G [0, 1]. From (15) we conclude that 

sup \\Rv{t)\\rim-r\ - Ci{\Wo\\m-r + \Wl\\H1-r), 
te[o,i] ^ ' 

sup \\R^{t)-4c{m) - '^2(|koii^, + IkrinJ- 

*The above notation is consistent in the case m — 1, i.e. £^{E,F) = £{E,F). To 
further disburden our notation, we set C{E) :— £{E,E). 
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Choosing now vq, . . . ,Vn G C°°(S"'^) with < 1, we obtain from Lemma 26 

that 

(16) P„,<^i(fl, . . ■,Vn)vo - -Pn,</3o(^'l, • • • ,Vn)vo = 

^n+l,¥'(t)('yi' ■■■,Vn,(Pl- Vo)vo dt. 

This imphes 

~ Pn,ipo\\c^i+'i-(^H<i ,Hi-''') — ^ \\^'^+'^>'P{t)\\ C^+^{Hi ,Hi-^) ^^'^^ ~'Po\\hi ■ 

Similarly, we can find a constant C > 0, depending only on the norms of ipo 
and ifi in H'^{'B^) such that 

sup ||-Pn+l,v(t) II rn+ai-H-g H-g-r-) — C. 
tG[0,l] ^ ' ' 

Hence 

and the assertion follows from the density of the embedding C°°(S^) ^ 
Hi{S^). □ 

Corollary 11. Let P be a Fourier multiplier of order r > 1 and assume 
that q € (| + r, oo) U {1 + r}. Suppose further that the operators Pn, defined 
in Lemma 26, belong to [n't [S^); H'i-'' {^^)) for each n G N. Then 

the mapping 



is smooth with 

D(^,v)Pvi'") ii^^l^ hi),..., i5ipn,hn)] 

n 

= Pn,^{.^'^\, ■ ■ ■ ■,5'^n-,v) + ^Pn-l,<^(59?l, . . ■ ,S^Pj, . . . ,6ipn,hj), 

for n > 1, 5ipi, . . . , 5ipn, hi, . . . ,hn € H'^{S^) where Pq^^ := P^ and the 
notation 'ipj means the term has been omitted. 

Proof (a) We first treat the case n = 1. Fix {ip,v) G D'?(§^) x H'^{§^) and 
define 

Ui5ipi,hi) := Pi,^i6^i,v) + P^ihi) for 5(^1, /ii G 
Clearly, U G £{Hi{S^) x H'i{8^),H''~'-{S'^)), with 

\\U{6(pi,hl)\\fjq-r < Cl \\6(pi\\f^q + C2 

for some positive constants ci and C2 which depend on P, ip, and v. 
Given e > 0, Lemma 10 ensures the existence of a 5 > such that 

and ^ 

\\Pl,ip+&ipi ~ Pl,v\\c'^{Hi,Hi-^) ^ 1 I ||„,|l ' 

' i i- II 
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provided H^V^iUji/q < 6- Letting ip{t) + tdipi and invoking Lemma 26, 

we find 

P^+s^^iv + hi) - P^{v) - U{6ipi,hi) 

= P^+Sifiiiv) - P^{v) - Pi^^{5ipi,v) + P^+5^^{hi) - P^{hi) 



/ [Pi,v{t) - Pi,'p\{^Vi,v) dt + [P^+s^-, - P^)hi. 
Jo 



Thus we find 

\\P^+S^jiv + hi) - P^{v) - U{5ipi, /ii)||^g-r 



e 



- 1 — ll'^'/'ill//'? \Mhi 

1 + Wv" 



HI 



This shows that {f,v) i— )■ Pip{v) is Frechet differentiable and the derivative 
is given by U{6ipi,hi). 

(ii) We now provide the induction step n i— t- n + 1. Fix again {(p,v) G 
p9(Si) X H'^{S^) and choose 6ipi, . . . , 6ipn+i, /ii, . . . , /in+i € //"(S^). Put 
further (/^(t) := (p + tdipn.+i- Making use of Lemma 26, we find 



D 



PM - K,v)W [('^V'l, /^l), • • • , i^Vn, /in)] 



n+1 



Pn+l,ip{S^l, ■ ■ ■ ,Sipn+l,v) +'^Pn,,p{5ipi, . . . ,6ipj, . . . ,6ipn+l,hj 

3=1 

= / [Pn+l,ipit)- Pn+l,ip]{Sfl,...,Sipn+l,v)dt 

Jo 

+ [Pn,ip+S,fn+i ~ -fn,<^](^¥'l) • • • i^fnjhn+l) 
n „i 

+ / [Pn,vit)- Pn,ip]{S^Pl,...,S^,...,6ipn+l,hj)dt. 

Invoking again Lemma 10, we see that, given e > 0, the expressions on the 
right hand side of the last equality can be estimated in H'^~^{'B^) from above 

by 

^dl'^'/'n+lll/fq + ||/ln+l|lH9)> 

provided is small enough. This completes the proof. □ 

We are now ready to prove our main results : Theorem 1, Corollary 2 and 
Corollary 5. 

Proof of Theorem 1. The condition on the symbol p of the Fourier multiplier 
P ensures that 

Pn G C'^^ (F''(§l),/7'?-^(S^)) 

for g G (| + r, oo) U {1 + r} and ?i G N (see Appendix A for the details). 
Now, Theorem 1 results from Corollary 11 of Lemma 10 given below. □ 

Proof of Corollary 2. We have to check that the symbol of A^'^ satisfies the 
hypothesis of Theorem 1. Let fn{Cj '■= ^"^^5s(0i where gs{i) := (l + |'?^|)'*- 
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Using the Newton formula for the n-th derivative of /n, it is sufficient to show 
that 

(1+^2)^-1/2 

is bounded for k = 1, . . . , n. This can be checked easily using the fact that 

for > 1, where pk is a polynomial function of degree less than k. □ 

Proof of Corollary 5. We have to check that the symbol of A^^ satisfies the 
hypothesis of Theorem 1. Let fniC) '■= C"'~^9s{0i where gsiC) = ICI^*- The 
function /„ is clearly of class C""^ and = satisfies equation (1) 

of Theorem 1 for r = 2s. □ 

5. Smoothness of the the metric and the spray on 'D'^'{S^) 

For a strong Riemannian metric on a Banach manifold M, there exists 
always a unique symmetric covariant derivative compatible with the metric 
(see [22] ) . The equations for the geodesies of this covariant derivative (curves 
which minimize the energy functional) correspond to a smooth quadratic 
second order vector field called a spray. Conversely, given a smooth spray on 
such a manifold, it induces a symmetric covariant derivative on the Banach 
manifold, which however may not be metric, in the sense that it may not 
be compatible with any Riemannian metric on M. This is no longer true 
for a weak Riemannian metric on M, in general. The standard proof of the 
existence of a symmetric compatible covariant derivative involves the Riesz 
lemma, which is not available for weak metrics. 

Nevertheless, we shall prove in this section that the geodesic spray (12) of 
a right-invariant weak Riemannian metric on Diff °° (S^ ) extends to a smooth 
spray on the extended Banach manifold T>'^{§^) provided that the conjugates 
of the inertia operator A 

are smooth. The very same definition of the covariant derivative associated 
to a spray [22] on a Banach manifold and the origin of this spray ensures 
then that this covariant derivative is compatible with the weak metric on 
VI {§^). 

Proposition 12. Let m > 1, r > I and q & {^ + r,oo)U{l + r}. Let further 
A be a Fourier multiplier of order r. Suppose that 

{(f, v) ^ A^{v) = R^oAo R^^i (v). 

is of class C™ from ViS^) x H^iS^) to H''-''{§^) and that A induces an 
isomorphism from H'^(§:^) onto H'^~'^{'B^). Then the mapping 

{(p,v) ^ S^{v) = R^o S o R^.i{v), V^iS^) X i7«(§i) ^ H^iS^), 

is of class C™-i, where 

S{u) = A~^ {[A, u\ux - 2{Au)u^} . 
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Proof. Let P{u) := {Au)ux and Q{u) := [A,u]ux- We have 

S^{v) = A-^{Q^iv)-2P^{v)}, 

where the subscript ip indicates the conjugacy by the right translation 
in I>^'(§^). Although P and Q are smooth operators, these results do not 
carry over when conjugated with translation in P''(§^) since for q > 3/2 
these sets only form topological groups: neither composition nor inversion 
are differentiable. 

Given an operator K, we introduce the following notation 

K{ip,v) := {ip,K^{v)), 

where K^{v) = o K o R^-i{v). 

(a) We have P^{v) = {A^{v)) {D^{v)) . But 

is smooth since D^p{v) = Vxj'^x and H'^{S^) is a Banach algebra. Also 
H'^~'^(E>^) is a Banach algebra because q — r > 1/2. Hence the fact that 
P<^{v) S H'i^'^{E>^) and our assumption ensure that 

P : X Hi{^^) V^iS^) X H'^'''{S^), 

is of class C". 

(b) Since 

is a bounded, linear, invertible operator from H'^(S^) x H'^(E>^) to H'^(E>^) x 
H'^~'''(Ei^), we conclude, using the inverse mapping theorem on Banach spaces, 
that 

A-^ : ViS^) X H'^-''\S^) ^ Vi{S^) X /7'?(§i) 

is of class C™". 

(c) Taking P = A and (5(/9i = t; = n o in Lemma 26 when 99, u are 
smooth, we get 

(17) d^A^{v, v) = {{u, A] o D}^{u o ^) = -Q^{v). 

Due to the density of the embedding C°°(S^) ^ H'^{S^), this relation is still 
valid for if € D'^iS^) and v G H'^{'B^) and therefore 

Q : P«(Si) X i/«(Si) ^ ^"(§1) X i7''-^(Si), 

is of class C""~^. The assertion now follows from the chain rule. □ 

Corollary 13. (Smoothness of the metric and its spray) Let s > 1/2 be 
given and assume that q € (| + r, 00) U {1 + r}. Then the right-invariant, 
weak Riemannian metric defined on Diff°°(S^) by the inertia operator A = 
A^** extends to a smooth weak Riemannian metric on the Banach manifold 
P''(S^) with a smooth geodesic spray. 

Proof The smoothness of the metric results at once from Corollary 2 and 
formula (8). The smoothness of the spray (12) is a consequence of Proposi- 
tion 12. □ 

For further purpose, we will also state the following interesting property 
of the spray. 
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Lemma 14. Under the hypotheses of Proposition 12 the mapping 

{ip,v) ^ S^{v) 

is bounded in H'^{S^) on bounded subsets ofV^iS^) x H''{S^). 

Proof. Let first B C H'^(S^) be bounded. In addition, we use the notation 
P{u) := {Au)ux, Q{u) := [A,u]ux., and S{u) := P{u) + Q{u), introduced in 
Proposition 12. Since //'^"''(S^) is a Banach algebra, we conclude that 

II /f'J-r ~ II ||/f<j-r ^ ll^^llz/'J^'' 11^2; ll//'?-'- • 

Observing that A G //''""■(S^)) and using the fact that r > 1, we 

find a positive constant Mi such that ||-P(^i)||//<7-r < Mi for all u G B. By 
our assumption on A^{v) relation (17) holds true, from which we conclude 
at if = id that 

Thus there is a positive constant M2 such that ||'3('u)||j:^,-r < M2 for all 
u€ B. Combining this with the fact that A'^ € C{Hi-'{E,^),H'i(S^)), we 
find an M > such that 

\\S{u)\\jj,-r < M for all u£B. 

The assertion is now a consequence of (41) and Lemma 36, since S,p{v) = 

6. Existence results for geodesics on Diff°°(S^) 

In this section, we will prove local existence and uniqueness of the initial 
value problem for the geodesics of the right-invariant metric (and more 
generally for any right-invariant weak Riemannian metric for which the iner- 
tia operator satisfies the hypothesis of Theorem 1 on the Prechet-Lie group 
DifF°°(S^). For this we shall use the Banach approximation {P'^(§^)}^>3/2 of 
Diff°°(S^) and the corresponding results of the previous section. Here the re- 
markable observation that the maximal interval of existence is independent 
of the parameter q (cf. Lemma 15) in the approximation 

Diff°°(Si) = f^P«(Si) 
g 

is most helpful. It is the essential ingredient which makes it possible to 
avoid Nash-Moser type schemes but to use a simple direct argument, cf. 
[12, Lemma 8] to prove the main result Theorem 17. We note that Lemma 
15 is inspired by [11, Theorem 12.1]. 

In what follows, we start with a right-invariant metric on Diff°°(S^) and 
we assume that its inertia operator ^ is a Fourier multiplier of order r > 1. 
We suppose further that, for all ^£(1-1- r, 00) U {1 + r}, A induces an 
isomorphism from i?''(S^) onto H'^~^(S^) and that the mapping 

(18) {ip,v)^ A^{v) = R^oAoR^-^{v), TP" (§1 ) ^ (S^) 

is smooth. Under these assumptions Proposition 12 and Lemma 14 are 
available for any n £ N. We recall the notation introduced in the previous 
sections to describe the spray in a local chart: 

S{u) := A-^ {[A, u]ux - 2{Au)ux} , u G T.aV^iS^) ~ //"(S^) 
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and 

By Proposition 12 and the Picard-Lindelof theorem there is, given any 
(ipQ^vo) € TV'{S^), a local solution {ip,v) of 



(19) 



\ v' = S^{v), v{0) = Vq. 
This solution can be continued to a unique non- extendable solution 

{^,v)€C°°{Jgi^o,vo),TV^iS')) 
on the maximal interval of existence 

where t~{ipo,vo) < and t^((/90)i'o) > 0. Moreover, it follows from Theorem 
7.6 in [1] and Lemma 14 that if t~{ipo,vo) > — oo or tg{ipo,vo) < oo then 

HixHi HixHi — 

Furthermore, letting 
and 

<^q{t, {ipo,Vo)) := {ip(t), V{t)), t G Jq{ipo, Vq) , 

we know that dom^'^^ is open in M x TP'^(S^) and that 

(20) $g G C7~((iom(«),M X rP«(Si)), 

cf. Section 10 in [1]. The mapping is called the flow on TV^iS^), induced 
by the vector field {v, Sip{v)) and dom^'^^ is its maximal domain of definition. 

Our aim is to prove well-posedness of the Cauchy problem (19) on the 
smooth manifold TDiff°°(S^). In order to do so, we aim to use a Banach 
manifold approximation of TDiff°°(S'^) based on the fact that 

P|i?'?(S^) = C°°(Si). 

q>0 

To follow this approach we need precise regularity properties of solutions 
to (19) on each level H'^{'B^) with q > (3/2) + r. More precisely, assume 
that i<po,vo) G rP9+i(Si). Then we may solve (19) in TViS^) and in 
j-pg+i^gi")^ Since solutions on each level are non-extendable, we clearly 
have 

(21) Jq+l{^0,Vo) C Jq{ipo,Vo). 

To rule out the possibility that Jq+i{ipo,vo) is a proper subset of Jq{ipo,vo), 
which could lead to nqJq{ipo,vo) = {0}, we need the following auxiliary 
considerations. Given o" > 0, let {T{s) ; s G M} denote the translation group 
in H^iS^), i.e. 

T{s)v{x) ■.= v{x + s), veH^iS^), xGS^ 
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It is known that {T{s) ; s € M} is a strongly continuous group in C{H'^{^^)). 
Its infinitesimal generator is given by dx with domain of definition H'^^^ (S^)- 
This means in particular that, given vq G H'^'^'^i^^), we have that 

[s^T{s)vo\ G C7i(M,i/<^(Si)) 

with 

^T{s)vQ = T{s){dxVQ), sGM. 
as 

There is also a one parameter group of right translations in for which 

we use the same notation r(s)(^o(a^) '■= ^q{x+s) for ipQ G and x G S"^. 

Finally, in the following auxiliary result, we resort on the notation, intro- 
duced in (21). 

Lemma 15. Given {ipQ^vo) G T'D''~^^{^^), we have Jq+i((/5o, uq) = Jq{ipQ,VQ). 
Proof. Let 

(^0, t^o)) = {v. v) G C°^( J,(^o, r^o), rP^(S')) 

be the solution to (19) with initial datum {ipq^vq). From (20) we easily 
deduce that 

(22) T{s){lpq,vq))\s=o = L>(^^^)^>g(t, (v3o, t'o))(¥'o,x, t'o.x)- 

On the other hand, the spray ((^, 5'<^(f )) is I''^(S-'^)-equivariant. This implies 
particularly that 

^q{t,T{s){ipQ,VQ)) =T{s)^q{t,{^o,VQ)) for all f G Jg((^o, t^o), s G 
Thus the left hand side of (22) equals 

Combining these observations, we get 

But (20) reveals that the left hand side of the latter identity belongs to 
H'^{E^) X i?'?(S^), which in turn implies that 

{ip{t),v{t)) eTV''+\S^) for all t e Jq{ipo,vo). 

By the unique solvability of (19), we conclude that 

JqifO,Vo) C Jq+i{(po,Vo). 

Invoking (21), the proof is completed. □ 

Remark 16. Lemma 15 states that there is no loss of spatial regularity during 
the evolution of (19). By reversing the time direction, it follows from the 
unique solvability that there is also no gain of regularity in the following 
sense: Let {ipo,vo) G TD'^(S^) be given and assume that {ip{ti),v(ti)) G 
TVi+^{S^) for some h G Jq{(po,vo). Then {(po,vo) G TV^+^S^). 
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Theorem 17. Let (18) be satisfied and consider the geodesic flow on the 
tangent bundle TDiff°°(S^) induced by the inertia operator A. Then, given 
any {ipo,vo) € rDiff°°(Si), there exists a unique non- extendable solution 

i^,v) e c°^(J,rDiff°°(si)) 

of (19) on the maximal interval of existence J = {t~,t~^). If either t~ > —oo 
or i+ < oo then 

lim \\{ip{t),v{t))\\f^i+r^Hi+r + lim \\{ip{t),v{t))\\f^i+r^Hi+r = oo. 
tit- t^t+ 

Proof. The result follows from (20), Lemma 15 and [12, Lemma 8], cf. the 
proof of Theorem 12 in [12] . □ 

Corollary 18. Let s > 1/2 be given and consider the right-invariant Sobolev 
-metric on Diff°°(§^). Then the corresponding geodesic equation has for 
any initial data in the tangent bundle TDiS°° (S:^) a unique non- extendable 
smooth solution {^,v) E C°°( J, TDiff°°(S^)). The maximal interval of ex- 
istence J is open and contains 0. Moreover, if J = {t~ ,t^) and either 
t~ > —oo or t~^ < oo then {ip,v) blows up in H^'^'^'^ {^^) , i.e. 

+ lim||((/,(t),t;(t))|| 

tit- ttt + 

Proof. Let s > 1/2 be given. Then Corollary 2 ensures that the smooth- 
ness assertion in (18) is satisfied for op ((l + fc^) ). The hypothesis on the 
isomorphy in (18) is obvious in this case. Thus the result follows from The- 
orem 17. □ 

It is worth emphasizing that the blow up result in Corollary 18 only rep- 
resents a necessary condition. For particular options of the inertia operator 
A it is known that the blow up occurs in weaker norms than //^+^'^(§^). 
Indeed, for A = op ((l + k'^)), which leads to the periodic Camass-Holm 
equation, cf. [7], the precise blow up scenario is known: a classical solution 
u blows up in finite time if and only if 



lim ( min{ux(t,x)} I = — oo, 

t~>t+ Vxesi / 



cf. [5], which is considerably weaker than blow up in H^CB^). 

On the other hand there are several evolution equations, different from the 
Camassa-Holm equation, e.g. the Constantin-Lax-Majda equation, briefly 
discussed in Section 8, for which the blow up mechanism is much less un- 
derstood and so far no sharper results than blow up in H^'^^^{S^) seems to 
be known. 

7. Exponential mapping and geodesic distance on Diff°°(S^) 

The geodesic flow of a smooth spray on a Banach manifold M satisfies 
the following remarkable property 

(p{t,Xo,SUo) = (p{st,Xo,Uo), 

which is a consequence of the quadratic nature of the geodesic equation [22] . 
Therefore, the exponential mapping epp^.^, defined as the time one of the 
flow is well defined in a neighbourhood of in T^qM for each point xq. It 
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is moreover a local diffeomorphism from a neighbourhood y of in T^^M 
onto a neighbourhood U{xo) of xq in M [22]. This last assertion may be 
false on a Frechet manifold and in particular on Diff°°(§^). One may find 
useful to recall on this occasion that the group exponential of Diff°°(S^) 
is not a local diffeomorphism [25]. Moreover, the Riemannian exponential 
map for the metric (Burgers equation) on Diff°°(S^) is not a local C^- 
diffeomorphism near the origin [6]. Nevertheless, it has been established in 
[6], that for the Camassa-Holm equation - which corresponds to the Euler 
equation of the metric on Diff°°(S^) - and more generally for metrics 
(A; > 1) (see [7]), the Riemannian exponential map was in fact a smooth local 
diffeomorphism. This result is still true for H'^ right-invariant metrics on 
Diff°°(S^) provided s € [1/2, +00). The proof of Theorem 4 is similar to the 
one given in [12] and will be omitted. It requires only the smoothness of the 
spray on T'D'^iS^) for all q large enough. 

We will finish this section by a remark concerning the geodesic semi- 
distance ds induced by the metric and defined as the greatest lower 
bound of path-lengths Ls{ip), for piecewise paths ip{t) in Diff°°(§^) join- 
ing (po and ipi. It was first shown in [24], that this semi-distance vanishes 
identically for the right-invariant metric on the diffeomorphisms group of 
any compact manifold. More recently, it was shown in [3] that dg vanishes 
identically on Diff°°(Si) if s G [0, 1/2], whereas 4 is a distance for s > 1/2 

V(/7o,</'i G Diff°°(S^), V'Ot^V'i =^ ds{ipo,(pi) > 0. 

Since the geodesic spray of the weak H'^ right-invariant Riemannian metric 
on T>'^{S^) is smooth for q > 1 + 2s and s > 1/2, its exponential mapping 
on V^(S^) is a diffeomorphism from a neighbourhood 1/ of in H'^{E^) to a 
neighbourhood U of the identity in I>'^(S^). This leads to the existence of 
local polar coordinates in the normal chart U. These coordinates are defined 
as follows. Given ip £ U — {id}, there is a t; € F \ {0} such that = eyp(u). 
Letting now 

w--=v/\\v\\^s, p:=\\v\\^s, 
we have that 99 = z^p{pw) and {p,w) are called the polar coordinates of 
ip € U — {id}. Notice that {p,w) depend smoothly of ip and that p{ip) 
as (/9 — id. 

As can be checked in [22] , the following result is valid not only for a strong 
Riemannian metric but also for a weak Riemannian metric, provided there 
exists a compatible, symmetric covariant derivative. 

Lemma 19. For a piecewise curve 7 : [a,h] U{p'o) ~ {^o}j we have 
the inequality 

m>\p{b)-p{a)\. 

However, it should be noticed that Lemma 19 does not imply that the 
geodesic semi-distance is in fact a distance. What Lemma 19 says, is that the 
length of any path which lies inside the normal neighbourhood is bounded 
below by r := \p{b) — p{a)\. However for a path which leaves the normal 
neighbourhood, this might not be true. Such a path could leave the normal 
neighbourhood before leaving the (weak ball) of radius r defined as 

Bs{id,r) := {^eU; p{p) < r} . 
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In fact this happens for the critical exponent s = 1/2 as it follows from [3]. 

8. EULER EQUATIONS ON THE HOMOGENEOUS SPACE Diff °° (S^)/Rot (S^) 

In this section, we will apply our main theorems to some geodesic equa- 
tions on the homogeneous space Diff°°(S^)/Rot(S^). Since the proof are 
very similar to what has been done so far, we will not give all the details 
but only point out new difficulties that may arise. 

Let Rot(S^) denote the subgroup of all rigid rotations of and 

Diff°°(Si)/Rot(Si) 

be the corresponding homogeneous space of right cosets. It is not difficult 
to verify that the restriction of the canonical projection 

Diff°°(Si) ^ Diff°°(Si)/Rot(S^) 

to the subgroup Diff5^(S^) of Diff°°(S^) consisting of all diffeomorphisms of 
§^ ~ M/Z which fixes one arbitrarily point (which we can take to be 0) is a 
diffeomorphism. 

Remark 20. Since Diff°°(S^) is simple: it possesses no nontrivial normal sub- 
groups, cf. [15], the above identification Difff (S^) with Diff°°(Si)/Rot(S^) 
is possible but the restriction of the canonical projection to Diff5^(S^) is not 
a group morphism. 

The Lie algebras of Diff'j^(S^) and Rot(S^) are given respectively by 

C[5°(S) := {u G C°°(S^) ; 'u^(O) = 0} and R-wq, 

where wq stands for the constant function with value 1. 

Let A = op {p{k)) be a L^-symmetric^ Fourier multiplier on C°°(S^) and 
assume that its symbol satisfies 

(23) p{k) = iff A; = 0. 

Then ker A = M • wq. Furthermore ad^Q = —D and adj^^^ = —D. Thus 
hypothesis (ii) of Proposition 9 is satisfied. Therefore, A induces a right- 
invariant Riemannian metric on Diff^(S^) and the corresponding Euler 
equation is given by 

(24) ut = -A-^ {{Au)^u + 2{Au)u^} . 

To solve this evolution equation, we also need a suitable Banach space ap- 
proximation of Diff5^(S^). For this fix an arbitrary point xq S and set 

p9(gi) g jyq^gi-^ . ^(^g) = for q > 3/2. 

Then T>1(S^) is a Banach manifold modeled on the Banach space 

H^{S^) := {u G H^S^) ; u{xo) = 0}. 
and a topological group. Let 

H^iS^) := {m G H^{S^) ; m(0) = O} 



'which is equivalent to the fact that its symbol p is real. 



RIGHT-INVARIANT SOBOLEV METRICS H» 21 

for 0" > 0. If yl = op {p{k)) is a Fourier multiplier of order r > 1, satisfying 
(23), then A extends to Hq(S^) such that 

(25) Aelsom{H^{S^),Hy{S^)), 

for all q G (3/2 + r, oo) U {r + 1}. From this we conclude that the map 

(26) P?(Si) X i/o^(Si) ^ //o^(Si), {ip,v)^S^{v):=R^oSoR^-^{v), 
where S{u) := ^""'^{[A, njuj; — 2{Au))ux}, is well defined. Furthermore, if 

((/?, v) ^ A^{v) = Ry,oAo R^-i (v). 

is of class C"" from Vi{E^) x iJ9(si) to i?9-r(gi) then its restriction to 
P?(Si) X H^iE^) is also of class C". 

Theorem 21. Let A = op {p{k)) he a Fourier multiplier of order r > 1 with 
a real symbol p, satisfying 

p[k) = A; = 0. 

Assume that in addition that 

{(p, v) A^{v) = R^o Ao R^-i (ti). 

is smooth from TV (S^) toHi-''{S^). Then, given any {(fo,vo) G rDifff'(Si), 
there exists a unique non- extendable solution 

{^,v) G c°°(j,rDifff^(si)) 

of the Cauchy problem for the associated geodesic spray 

( ipx =v, v?(0) = ifo 

\ v' = S^{v), v{0) = Vq. 

on the maximal interval of existence J = {t~,t~^). If either t~ > — oo or 
t~^ < oo then 

Sketch of proof . The proof requires Proposition 12 but the argument there 
has to be slightly modified to work in the setting here. Indeed, given 93 € 
P^(S^), Aip takes values in the vector space 

R^iHyiS^)) = {m G /?-(§!) ; (m^i)(0) = o} 

which depends on ip, which makes it difficult to apply the inverse mapping 
theorem in this setting as it is required in part (b) of the proof of Proposi- 
tion 12. To overcome this difficulty, we replace the operator 

A{ip,v) := {(p,A^{v)), 

in the proof of Proposition 12 by 

A{ip,v) := {ip,ipxA^{v)), 

and we notice that m 1— > i/^^m is a linear isomorphism from i?^(ffQ"''(S^)) 
onto Hy{S^). □ 
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We briefly discuss two special options of inertia operators A, namely A = 
op (A:^) and A = op {\k\). In the first case A = op (A:^) the Euler equation 
reads as 

(27) Utxx — ~'^UxUxx ~ UUxxxi t > 0, X G S , 

and is known as the periodic Hunter-Saxton equation, cf. [18, 33, 4, 23]. 

For the inertia operator A = op {\k\) we get the so called CLM equation, 
cf. [8, 32, 13]. 

(28) dt{Hu) + uHuxx + 2uxHux = 0, t>0, xeS^, 

where H = op (i sgn(A;)) denotes the Hilbert transform, acting on the spatial 
variable x S Note that op (|A;|) = H o D. 

Clearly, both symbols {k'^)k& and (|/c|)fcgz satisfy (23). Moreover they 
also fulfill the hypotheses of Theorem 1, so that Theorem 21 is applicable 
to (27) and (28). 

Remark 22. To conclude this section, it could be worth to bring together the 
present work with the right-invariant metric defined by the inertia operator 

A := HD{D'^ + 1) 

defined on the difFeomorphism group of the circle which fixes the three 
points —1, 0, 1. This metric has been related with the Weil-Petersson metric 
on the universal Teichmiiller space r(l) in [28]. The corresponding geo- 
desic flow has been extensively studied in [14]. Recall first that ^^{S^), the 
space of homeomorphisms of class as well as their inverse is a topolog- 
ical group only for s > 3/2 and that 3/2 is therefore a critical exponent. 
One of the main results in [14] is that, the inertia operator A defines on a 
suitable replacement for the "i^^/^ diffeomorphism group", a right-invariant 
strong Riemannian structure which is moreover geodesically complete (i.e., 
geodesies are defined for all times). 

Our point of view in this paper is completely different in the sense that we 
work on a well defined topological group P^(S^) for s > 3/2 equipped with a 
Banach manifold structure. The price to pay for this nice structure is the fact 
that the metric only defines a weak Riemannian structure. Nevertheless, we 
have been able to show local existence of the geodesies, also in this context. 

Appendix A. Fourier multipliers 
Here and in the following we use the notation 

^nix) = exp(27rmx), 

for n £ Z, and x G S^. 

Lemma 23. Let P a continuous linear operator on the Frechet space C°°(S"^). 
Then the following three conditions are equivalent: 

(1) P commutes with all rotations Rs- 

(2) [P,D] = 0, where D = d/dx. 

(3) For each n G there is a p{n) G C such that Pe„, = p{n)en- 
In that case, we say that P is a Fourier multiplier. 
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Since every smooth function on the unit circle can be represented by 
its Fourier series, we get that 

(29) {Pu){x) = Y,P{k)u{k)Bk{x), 

for every Fourier multipUer P and every u G C°°(§^), where 

u{k) := / u{x)e_k{x) dx, 

stands for the k-th. Fourier coefficients of u. The sequence p : Z — )■ C is 
cahed the symbol of P. We use also the notation P := op {p{k)) for the 
Fourier multiplier induced by the sequence p. 

Proof. Given s G M and u G C°°(S^), let Us(x) := u{x + s). If P commutes 
with translations we have 

{Pu)six) = iPUs)ix). 

Taking the derivative of both sides of this equation with respect to s at and 
using the continuity of P, we get DPu = PDu which proves the implication 
(1) ^ (2). 

If [P, D] = 0, then both Pe„ and e„ are solutions of the linear differential 
equation 

u' = {—27rin)u 

and are therefore equal up to a multiplicative constant p{n). This proves 
that (2) ^ (3). 

If Pen = p{n)en, for each n ^ "L and P is continuous, then we have 
representation (29). Therefore 

{Pu)s{x) = ^p{k)u{k)ek{x + s) 
fcez 

= '^P{k)us{k)ek{x) = {Pus){x), 
fcez 

which proves that (3) (1). □ 

Remark 24. Notice that the space of Fourier multipliers is a commutative 
subalgebra of the algebra of linear operators on C°°(§^) which contains all 
linear differential operators with constant coefficients. Notice also that each 
Fourier multiplier defines an L^-symmetric operator 

Remark 25. Notice that a Fourier multiplier P is L^-symmetric iff its symbol 
p is real. 

A Fourier multiplier P = op {p{k)) with symbol p is said to be of order 
r G M if there exists a constant C > such that 

b(A;)|< C(l + A:2)'■/^ 

for every A; G Z. In that case, for each q > r, the operator P extends® to a 
bounded linear operator from H'^{§^) into H'^~^{S^). We express this fact 
by the notation P G /:(//" (S^ ), i/^-^Jgi)). 

'^Throughout this paper we consider Fourier operators of order r > 1, since our main 
results Theorem 1 is only true for this class of operators. It is nevertheless worth to 
mention that several results in this section remain true for operators of any positive order. 
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Let v) I— 7> Pip{v) be a smooth mapping on the Frechet manifold Diff°°(S^) x 
C°°(§^), where P is Hnear in v. The partial Gateaux derivative of P in the 
first variable f and in the direction 6(pi € C°°(S^) is a smooth map which 
is linear both in v and 6(pi and that we will denote by 

(30) dpPp{v,6^i). 

Therefore, the partial Gateaux derivative of P in the variable (/? is a mapping 
of three independent variables : ip, v, 6(pi. The second partial derivative of 
P is directions 6ipi,6ip2 € C°°(S^) is the partial Gateaux derivative of (30) 
in the variable ip and in the direction 6(p2- We will denoted it by 

dpPp{v,6ipi,6ip2). 

It can be checked that this expression is symmetric in 6ipi,5ip2 (see [16]). 
Inductively, we define this way the n-th partial derivative of P in directions 
6ipi , . . . , 6ipn and we write it as 

d^P^{v,5ipi,. . . ,5ipn). 

The space of linear operators on a Frechet space is a locally convex topolog- 
ical vector space, but in general is not a Frechet space (see [16]). For this 
reason, we will avoid taking limits and derivatives of linear operators. In 
the sequel, if such equalities appear for notational simplicity, it just means 
equality of mappings. 

Let P denote a general Fourier multiplier on C°°(S^). We will now study 
conjugation 

Pp:=RpoPo R^^i 

of P with right translations i?<^, where (f € Diff°°(S^). We will derive a 
recursion formula for the n— th derivative with respect to ip of such operators. 
In addition, we provide a sufficient criterion on the symbol of the original 
operator P, which ensures that the n— th derivative d'^P^ extends to an 
(n + 1)— linear mapping on suitable Sobolev spaces. 

Lemma 26. Let P he a continuous, linear operator on C°°(S^) and let 

Pip = PpPPip 1 

where ip € Diff °° (S-*^ ) . Then, given n € N, we have 

(31) d'^Pp{v,5Lpi,. . .,5(fn) = RpPniui, . . . , n„,)i?^^ (u) , 

where ui = 5ipi o {p~^ and Pn is the multilinear operator defined inductively 
by Pq = P and 

(32) P„+i(mi, . . . ,^^+1) = [Un+lD,Pn{ui, . . . , «„)] 

n 

-^P„(ni,... 

) '^i,x'^n+li • • • ) 'U'n ) ■ 

i=l 

Remark 27. For a Fourier multiplier, that is, if [P, D] = 0, we have 

Pi(ni) = [ui,P]D, 

and 

P2iui,U2) = [ui,[u2,P]]D^ + [UI,P][U2,D]D+[U2,P][UI,D]D. 
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Proof. Formula (31) is trivially true for n = 0. Now suppose it is true for 
some n € N, that is 

d^P^{v,5ipi, . . .,6ipn) = RpPniui, . . .,Un)R~^{v), 

where Ui = bipi o ip~^ for 1 < i < n. Notice that, for fixed . . . , b^pn 

Pn{ui, ...,Un) = PniS^Pl o (^"\ . . .,6ipn o ip~'^) 

is a family of linear operator on C°°(S^) indexed by (p and which depend on 
9? only through the Uj. Let (p{s) be a smooth path in Diff°°(S^) such that 

(p{0) = if, ds 'p{s)\^^Q = Sipn+i 

and let Un+i = Sipn+i o ip~^. We compute first 

Rip '■= ds R,p{s)\s=Q = RpUn+lD, 



so that 
and 



Rip^Rip — Un+lD, 



iii := ds {Sifi o ip{s) ^) \^^^ = -Ui^xUn+i, 
for I < i < n. We have then 

n 

Pn := ds Pniui, . . . = - ^P„(ui, . . .,Ui^xUn+l, • • • 

i=l 

Finally, we have (simplifying the notation P„ for P„(iii, . . . , 

ds RpPnRin I „_n — RpP-nRin ~l~ RpP-nRin RpPn ( -^in RpRin 



■p-^ n-^f-p \s=Q -"-(/J^ 71 -"-(^ -".(^-1 71 -"-(^ -n-ip-i n \ ^"-(^ ^'-p-^'-p 

R(p ( RipPn PnRio Rip I Rio ~\~ RpPnRin 



^•p \y ''p -^''P-^ n n-"'(^ -"-(/sy -"-(^ -n-ip-i 71. -"-(^ 

which gives the recurrence relation (32), since 

d'^'^'^Pp,{v,5ipi,. . . ,5ipn+l) = ds {RpPniui, . . . ,Un)R^^{v)) l^^g, 

the proof is complete. □ 

Lemma 28. Let P be a Fourier multiplier on C°°{S^), and let Pn be the 

multilinear operator defined in Lemma 26 for some n € N. Then we have 

(33) Pn{,^m\ 1 ■ ■ ■ 1 ^mri)^mo — PnijT^Qi'^T^li ■ ■ ■ j'l^n)^m,o+mi — h"i„ j 

where the sequence pn is defined inductively by po = p (the symbol of P) and 

(34) pn+i{mo, . . . , m„+i) = (27ri) ^{mo -\ h mn)Pn{mQ, rUn) 

71 

n+l, . . .,mn) 

j=0 

where mj S Z for j = 1, . . . ,n. 
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Remark 29. For ?i = 1, we have 

(35) Piimo, nil) = (27ri)mo (po{mo) - po{mo + mi 
and for n = 2, we get 

(36) P2{'mo,mi,m2) = (27ri)^mo (^(mo + mi + m2)po{mo + mi + 7712) 

- (mo + mi)po{mo + mi) - (mo + m2)po(mo + m2) + moPo(mo) 



Proof. Invoking lemma 23, the case n = is clear. Suppose that equa- 
tion (33) is true for some n > 0. Then, using recurrence relation (32), we 
have 

Pn i^rrii ) • • • ) 6m.„ ) (Sm^+i D^mo ) 



which is equal to 



(27ri)|(mo H h mn)Pn{mQ, . . .,mn) - moPnimo + m„+i, . . . ,m„) 

n 

fmoH V-rrin+i ■ 

This shows that equation (33) is true for n + 1 with 
p„+i(?no, . . . ,m„+i) = (27ri) |^(mo H h m„)p„(mo, . . . ,m„) 

n 

-^m,p4mo,...,m,+m n+l,...,mn)\ 

j=0 

and achieves the proof. □ 
Corollary 30. Under the notations of Lemma (28), we have 

(37) p„(mo,mi, . . . ,m„) = 



(27rf)"mo 



P=0 /C{l,...,n}, j€l 

\I\=P 



for each n > 1, where fn{k) = ^Poik), /c G Z. 
Proof. For n = 1, we have 

pi(mo,mi) = (27ri)mo(fio(mo) - po{mo + mi)) 
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SO equation (37) is true for n = 1. Now, suppose inductively that this 
equation is valid for some n > 1. Using the recurrence relation (34), we get 



Pn+i{mQ, mi, ... , rrin+i) = (27ri)"'+^mo ^(-1)^ ^ 

P=0 I(l{l,...,n 

\I\=P 

(mo H h mn)fn{mo + ruj) 



nik fn {mo + y^ ?nj + 5/ (A;) m„+i) 
k=i jei 

(mo + 7n.„+i)/„(mo + w-i + w,n+i)|, 



which can be rewritten as 



(2^i)"+imo ^(-1)^ Yl { K + 5] r^i) /n K + J2 ^j) 

P=0 /C{l,...,n}, j£l j&I 

\I\=p 

- {rriQ + ^"T-j + m-n+i) /n(mo + + mn+i)}- 

using the fact that fn+i{t) = tfn{t), we have therefore 



n 

Pn+i(?no,mi, . . . ,mn+i) = (27ri)'"+^mo y^(-l)^ ^ | 

P=0 7c{l,...,n}, 

l/l=p 

fn+1 (mo + ^ mj) - fn+l (mo + ^ + ?7T-n+l) } , 



which is equal to 

n 

(27ri)-+imo{ J](-1)P J] /n+iK + 

P=0 /C{l,...,n+1}, jei 

/|=p,n+1^7 

n 

+ E(-1)'^' E /n+i(mo + 5]m,)}. 

P=0 /C{l,...,n+1}, iG/ 

\I\=p+l,n+leI 

But this last expression is exactly 

n+l 

(27ri)"+imoJ](-l)P y; /„+i(mo + 5;m,), 

P=0 /C{l,...,n+1}, j6/ 

|/|=p 

which achieves the proof. □ 

Lemma 31. Let P be a Fourier multiplier of order r > 1 and q > r+1. Let 
Pn be the (n + l) -multilinear operator defined by the recurrence relation (32) 
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with Pq := p. Suppose that there exists a constant Cn > 0, such that 
(38) K(mo, . . . ,m„)| < C„(l + mlf'^ •••(! + mlf'^ 

for all rrij G Z. Then P^ extends to a bounded multilinear operator 

Pn G {H''{S^),H'^^'-{S^)) . 

Proof. By virtue of Proposition 28, we have 



|-fn('Ul 5 • • • J Un)UQ \\fjq-r 



Y,{i+i'r 



moH |-mn=' 



for any choice of smooth functions uq, ui, • • • , Un, since {ei)i^z is an orthog- 
onal system in H'^~^{S^) and ||e;||j|^5_r = (1 + I'^Y"''' . Therefore, if inequal- 
ity (38) is satisfied, we get 

||P„(-ui, . . . ,u„)no||^5-r < 



l£Z \moH \-mn=lj=0 

Observe now that, given smooth functions vq,vi, . . . ,Vn, we have 

f(r^n(0 = Y *o(?71o) • • • Vn{mn). 

moH hm.„=i 

In addition H'^^''(S^) is a Banach algebra, since g — r > 1, cf. [30, Theorem 
2.8.3]. Consequently there exists a constant C'^ .p_^ such that 



2\q~r 



Y vo{mo) ■ ■ ■ Vninin) 
moH \-m„=l 



<r n'"^ lu, l|2 

- ^n,q-r \\^0\\hi~^ ' 

for all smooth functions vq,vi, . . . ,Vn- Putting now 

Vj{mj) := {l+mjY/'^\uj{mj)\, j = 0,...,n 

in this last inequality and using the fact that the functions with Fourier 
coefficient v{m) and |u(?7i)| have the same H'^^'^ norm, we obtain 



\Pn{Ul, . . . , Un)UQ\\lJq~r < CnC^ \\UQ\\jfq ■ ■ ■ 



'"TiWHi ' 



which achieves the proof. 



□ 



Finally, we will need to define a condition on the symbol of the Fourier 
multiplier P in order that the operators P„ are bounded. For this purpose, 
the following lemma will be useful. 

Lemma 32. Let / : M — )■ M 6e a function of class C"'"^ with n > 1. Suppose 
that /(""^) is absolutely continuous and that there exists C > and a > 1 
such that 

/(")(e) < c(i + e^)("-i)/2^ 
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almost everywhere. Then 



P=0 /C{l,...,n}, 

\I\=P 



< 



C(n + + m2)("-i)/2 JJ(l + m 



2\a/2 



/or all rriQ, mi, . . . , m„ E R. 

Proof. Let (7^ be the sequence of functions defined inductively by 

9i{0 = /(C + mi) - /(O, 5fc+i(0 = S'fclC + "ifc+i) - 9k{0- 
Then, we have 



P=0 /C{l,...,n}, jei 

\I\=P 

Let be the convex hull of the points rriQ + Xlje/'^i' subset / of 

{1, . . . , n}. Then 



max(l + e^) < (1 + n)2 ]^(1 + m^) 



j=0 



and therefore, j/'^'^HOl bounded almost everywhere on K by 

n 

M := Cin + 1)°-^ JJ(1 + m2)(°-i)/2. 
j=0 

Since /("'~^) is absolutely continuous, this leads to 



<M|mi|, y^eK. 



Let In be the segment [mo, mo+m„] and for p = 1, . . . n— 1, define inductively 
In-p as the convex hull of 

{s € [^,^ + mJ; ^ G . 

Notice that /„ C In-i C ■ ■ ■ C h C K. For p = 1, ... n — 1, let 



Mn-p '■= max 



(p) 

9n—p 



Notice that Mi < M |mi| and that by the mean value theorem 

Mn^p < \mn^p\ Af„„(p+i), p = 1, . . . , n - 2 
Therefore we have 

n 

\gn{mo)\ < M |mj| , 



which achieves the proof, since \mj\ < ^/l + mj. 



□ 
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Appendix B. Continuity lemmas 

In this section we provide some continuity properties of the composition 
mapping in Sobolev spaces. Given Frechet spaces X and Y , let C{X, Y) 
denote the space of all continuous linear operators from X into Y . 

Lemma 33. Let X, Y he Frechet spaces and let G he a metric space. Given 
F : G X X — 7- y, assume that 



(39) 



\F{g,-)eC{X,Y) for all geG, 
\f{-,x) eC{G,Y) for all x e X. 

Then F G G{G x X,Y). 

Proof. Fix {go,xo) G G x X and pick a sequence {gn, x^) in G x X such that 
limn{gn,Xn) = {gojXo). Let further V denote a neighbourhood of F{gQ,XQ) 
in Y. We set 

Bn:=F{gn,-) (^^X,Y), n G N. 
Then, given x & X, we have 

hmB„(2;) = hmF(g„,x) = ^(5-0,2;). 

n n 

Hence {Bn{x) ; n S N} is bounded in Y. Invoking the uniform houndedness 
principle in Frechet spaces (see [10, Theorem 11.11]), we deduce that the 
family {Bn ; n € N} is equicontinuous. In particular there is a neighbour- 
hood U of xq in X such that Bn{U) C V for all n G N. But lim„, x„ = xq. 
Hence there is a no G N such that Xn & U for all n > uq. This implies that 

Bnixn) = F{gn, x„) G V for aU n > uq. 

Thus F is continuous in (5(0, xq). □ 

Lemma 34. (i) Given q G (3/2, 00), the mapping 

(40) F : P'?(S^) X //i(Si) ^ //i(Si), F{^,v) ■.= voip 
is continuous. 

(a) Given q, p (3/2, 00) with q > p, the restriction of F satisfies 

F G C{V^§^) X HP{8^), HP{§^)) n C7(p9(si) x H'^ (S^) , H'^ (S^)) . 

Moreover there exists a continuous increasing function Cq^p : such 
that 

(41) ll-^</'ll£(_H-p{Si)) - ^9.P (ll'^ll//9(Si)) 

for each G P«(S^). 

Proof, (a) Let g > 3/2 be given. By Sobolev's embedding theorem we know 
that X''?(S^) ^ C^(§^). Hence the chain rule ensures that F is well-defined, 
i.e. F{ip,v) G i?H§i) for ah {ip,v) G V'i{^'^) x H^{§^). Moreover, fixing 
93 G P5(S^), we have 

F{^,.)e£{H\s')). 

(b) Let now v G i7^(S^) be fixed. We are going to show that 

F{-,v) G C{V''{S^),H\§^)). 
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For this pick 939 £ V^i^^) and e > 0. By Sobolev's embedding theorem, the 
function v is uniformly continuous. Thus there is a (5 > such that 

\v{x) — v{y)\ < e for all \x — y\ < 5. 

Next let j denote the embedding constant of H'^{§>^) ^ C^(S^) and choose 
if G P''(§^) such that \\ipQ — (pWjjq < S/j. Then 

\(po{x) — f{x)\ < j \\(po — tfWjjq < S for all x € S"^. 

Thus we get 

(42) \\v o (fQ — V o ip\\'j^2 = / \v{ipo{x)) — v{ip{x))\'^ dx < . 

To estimate D{voipQ — voip) in L^, we first remark that it is no restriction 
to assume that 5 < 1. Writing now K := jiW^poWng + 1) and 

we have that 

(43) W^xW < HI ^ jiW'PoW HI + '^) = K for all ip £ Bg{6). 
Furthermore, letting m{ip) := Hl/t/^j^H^^oo for cp G V^CB^), we have 

\\fo^\\l,<mi^)\\f\\l, for all f e L\S'). 
Note also that by shrinking S > 0, we may assume that 

(44) m{ip) < 2m{ipQ) for all ip G Bq{6). 
We now proceed as follows. First we have 

(45) \\D{v o ipQ - V o ip)\\\2 

< \\Vx ° V'O ■ V^Ox - Vx o ipo ■ ipx\\\2 + \\Vx o ifQ ■ if^ -V^Oip- ipx\\\2 . 

For the first term of the right-hand side of (45), we find 
(46) 

\\Vx o m ■ fOx - Vx o (fo ■ (fx\\'i2 = / \Vr,{(po{x)\'^ lipoxix) - fx{x)\'^ dx 

<\W0x-<fx\\\r,o I \Vn,{ipQ{x))\^ dx 

2 2 2 2 2 

<j '^Wm "^{^o) hWn^ = 5 m{ifQ) \\v\\^i . 

To estimate the second term in (45), choose w G C^(S"'^) such that 
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Then we have 

\\Vx °V0-VxO ip\\L2 < oipQ-w^o V3o|Il2 + WWx OifQ-WxO f\\\2 

+ \\Wx OLp-VxO Lp\\\2 

< {in{ipo) + m{ip)) \\vx - Wx\\l2 
+ \wx{(po{x)) - Wx{f{x))\'^ dx 



< 3m{(fo) \\vx - Wx\\l2 + WwxxWloo / \(po{x) - ip{x)f dx, 

where we also employed the mean value theorem and (44) to derive the last 
estimate. Invoking (43) and (47), we get 

(48) \\vx oipQ-ip^-VxOif- iPx\\l2 <e + 5K \\wxx\\lo^ 

for all if G Bq{5). Combining (42), (45), (46), and (48), we arrive at the 
following estimate 

(49) \\vo^Pq -voLfW^i <2e + 5 (^\/m{LpQ) \\v\\^i +K \\wxx\\l^^ 
for all if G Bq{6). Shrinking 5 > 0, we get from (49) that 

||u o — o ^\\h^ < 3e 

for all ip € Bq[5). Thus F{-,v) is continuous in ipo € V^iS^). Invoking 
Lemma 33, we find that F G C(P'?(§^) x , (S^)) . This completes 

the proof of part (i) . 

(c) To prove the second assertion, fix first ip G P'^(S^) and observe that 
F{ip,-) = Rip. Given A; G N with 1 < k < q, a direct calculation and 
an application of Sobolev's embedding theorem shows that there exists a 
continuous, increasing function ■ K"*" — > such that 



\R. 



Vll£(/i''=(§i)) - (\\v\\Hi{S^)j 



Assume now that p > 3/2 is not an integer and belongs to (/ — 1,/) for 
some / G N. Then, there exists 6 G (0, 1) such that 9(1 - 1) + 61 = p. 
Since the scale of Sobolev spaces {H'^{S^) ; a G M} is stable under complex 
interpolation, cf. Theorems 7.4.4 and 7.4.5 in [31], we get by interpolation 
that there exists a positive constant Kp such that 

W^vW CiHP{E:'^))) - ll-^¥'ll£(_fi''-i(§i))) 11-^'/' 1 1 • 

Letting now 

Cq,p{t)=KpCl.l{tfCl{t)^-', 

we obtain (41). 

(d) By assumption we have that p > 3/2. Hence T>p{§^) is a topological 
group and F{-,v) G C{Vi(S^), HP(S^)) for any v G i?^(S^) (see [11, page 
107]). By virtue of Lemma 33, we get that 

F G CiV^iS^) X HP{E^),HP{§^)). 

The last assertion F G CiViS^) x if9(Si), H'^{S^)) is now clear. □ 
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Remarks 35. (a) Observe that there is a gap in the range of admissible 
Sobolev norms in Lemma 34 between assertion (i) and the second assertion 
(ii). 

(b) Continuity properties of composition operators in low Sobolev spaces 
have recently been investigated in [9]. However the focus of the studies in 
[9] is so to speak opposite to that of (40), since more regularity of the first 
factor f in V o is assumed, whereas we impose additional regularity on the 
second factor ip. 

(c) The higher the spatial regularity in the group V^i^^) and the Lie 
algebra H'^{S^), the better the regularity of the mapping F in Lemma 34, 
cf. [11]. However, we are not aware of better regularity of F than (40). 
Finally, we remark that the continuity of F is sufficient for our purposes. 

We conclude this Appendix by an auxiliary result on the boundedness of 
the inverse of the right translation in H'^{S^). 

Lemma 36. Let g > 3/2 be given and assume that B C P'^(S^) is hounded 
inHi{S^). Then 

(50) sup ||^^-i|Lfi^<7) < 

Proof. By the uniform boundedness principle it suffices to show that 
sup ll-y o (^"^ II < oo for all v G H'^{§^). 

If (7 > 3/2 is an integer this follows by a direct calculation and an application 
of Sobolev's embedding theorem. If q is not an integer, let A: G N and 
a € (0, 1) such that q = k + a. Again a direct calculation shows that it 
suffices to show that 



sup 



(d'^v) oip~^ < oo for ah v € H'^{S^), 



H 



which follows from the fact that d^v € H'^{§>^) and by using the intrinsic 
norm 

for w£H''{^^), cf. Section 2.2.2 in [30]. □ 
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